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a b s t r a c t
This paper applies He’s energy balance method to determine frequency–amplitude
relations of nonlinear oscillators with discontinuous terms or high nonlinearities. The
obtained results are valid for the whole solution domain with high accuracy.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
We considers the following generalized nonlinear oscillators [1]:
u′′ + f (u) u = 0, u (0) = A, u′ (0) = 0, (1)
where f (u) > 0 is a known function of u.
In case that there exists no small parameter in the equation, the traditional perturbation methods cannot be applied
directly [1]. Recently many techniques have appeared in the literature for nonlinear oscillators without small parameters;
for example, the homotopy perturbationmethod [2–10], the variational iterationmethod [11–14], the parameter-expansion
method [15–18] and He’s frequency–amplitude formulation [19,20]. A complete review is available in Refs. [1,21]. In this
paper, we apply He’s energy balance method [1,22] to the problem.
In 2002, Ji-Huan He gave a highly simplified and lucid account of the energy balance for nonlinear oscillations [22],
which was further developed into a new variational method [23,24] called He’s variational method by D’Acunto [25,26] and
Zhang [27]. Shou [28] and Ozis and Yildirim [29] found that He’s variational method is very effective for solving nonlinear
oscillators.
2. He’s energy balance method
Consider a nonlinear oscillator with a discontinuous term [29]
u′′ + sgn (u) = 0, u (0) = A, u′ (0) = 0, (2)
where sgn (u) is defined by
sgn (u) =
{−1, u < 0,
+1, u > 0. (3)
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Fig. 1. Comparison of the approximate solution with the exact solution: dashed line: the approximated solution and solid line: the exact solution.
Using the semi-inverse method [30], the variational principle of Eq. (2) can be easily obtained:
J(u) =
∫ 0
−T/2
{
−1
2
u′2 − u
}
dt +
∫ T/2
0
{
−1
2
u′2 + u
}
dt
=
∫ T/2
−T/2
{
−1
2
u′2 + usgn (u)
}
dt. (4)
The Hamiltonian of Eq. (2), therefore, can be written in the form
H = 1
2
u′2 + usgn (u) = Asgn (A) = A, (5)
or
1
2
u′2 + usgn (u)− A = 0. (6)
We use the following trial function to determine the angular frequency ω:
u = A cosωt. (7)
Substituting (7) into (6), we obtain the following residual
R(t) = 1
2
A2ω2 sin2 ωt + A cosωtsgn (A cosωt)− A. (8)
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Fig. 2. Comparison of the approximate solution with the exact solution: dashed line: approximated solution and solid line: the exact solution.
We set∫ T/4
0
R (t) cosωtdt = 0, T = 2pi/ω, (9)
to determine the ω–A relationship, which reads
ω2 = (6− 3pi/2) A−1 (10)
or
ω = 1.13473√
A
. (11)
The obtained frequency is valid for all 0 < A <∞, as illustrated in Fig. 1.
The exact frequency reads [1,29]
ωex = 1.10721√
A
. (12)
The accuracy arrives at 2.49%.
Consider another nonlinear oscillator with high nonlinearities [1,14]:
u′′ + αu+ γ u2n+1 = 0, α > 0, γ > 0, n = 1, 2, 3, . . . , u (0) = A, u′ (0) = 0. (13)
Using the semi-inverse method [30], the variational formulation for Eq. (13) can be easily obtained:
J(u) =
∫ T
0
{
−1
2
u′2 + 1
2
αu2 + 1
2n+ 2γ u
2n+2
}
dt. (14)
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Fig. 3. Comparison of the approximate solution with the exact solution: dashed line: approximated solution and solid line: the exact solution.
The Hamiltonian of Eq. (13), therefore, can be written in the form
H = 1
2
u′2 + 1
2
αu2 + 1
2n+ 2γ u
2n+2 = 1
2
αA2 + 1
2n+ 2γ A
2n+2, (15)
or
u′2 + αu2 + 1
n+ 1γ u
2n+2 − αA2 − 1
n+ 1γ A
2n+2 = 0. (16)
We use the following trial function to determine the angular frequency ω:
u = A cosωt. (17)
Substituting (17) into (16), we obtain the following residual equation:
R(t) = A2ω2 sin2 ωt + αA2 cos2 ωt + 1
n+ 1γ A
2n+2 cos2n+2 ωt − αA2 − 1
n+ 1γ A
2n+2. (18)
Setting∫ T/4
0
R (t) cosωtdt = 0, T = 2pi/ω, (19)
we obtain
ω2 = α + 3γ A
2n
n+ 1
(
1− (2n+ 2)!!
(2n+ 3)!!
)
(20)
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Fig. 4. Comparison of the approximate solution with the exact solution: dashed line: approximated solution and solid line: the exact solution.
or
ω =
√
α + 3γ A
2n
n+ 1
(
1− (2n+ 2)!!
(2n+ 3)!!
)
. (21)
The exact value reads [14]
ωex = 2pi
4
∫ pi/2
0
dθ√
α+ γn+1 A2n(1+sin2 θ+sin4 θ+···+sin2n θ)
. (22)
In order to verify the accuracy of the obtained frequency, we consider some special cases.
Case 1: α = 1, γ = 1, n = 2.
Under the case, Eq. (13) becomes
u′′ + u+ u5 = 0, u (0) = A, u′ (0) = 0. (23)
Fig. 2 shows excellent agreement between the approximate solution and the exact solution.
Case 2: α = 0, γ = 100, n = 3.
Under such case, Eq. (13) becomes
u′′ + 100u7 = 0, u (0) = A, u′ (0) = 0. (24)
From (21) and (22), the approximate solution of Eq. (24) agrees very well with the exact solution as shown in Fig. 3.
Case 3 : α = 10, γ = 10, n = 4.
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Eq. (13) becomes
u′′ + 10u+ 10u9 = 0, u (0) = A, u′ (0) = 0. (25)
Fig. 4 illustrates excellent agreement of the obtained result with the exact one.
3. Conclusion
The present method is an extremely simple method, leading to high accuracy of the obtained results. The main merit of
the method is that the obtained results are valid for the whole solution domain.
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